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Equilibrium Staged Parametric Pumping: 
Part 111. Open Systems at Steady-State-McCabe-Thiele Diagrams 

The theory of equilibrium staged parametric pumps with discrete ffuid 
transfers has been presented in previous papers for total reflux. Here, it is 
extended to open, fractionating systems, operating in cyclic steady state. The 
cases of an enriching section, a stripping section, and a complete fractionat- 

defined, the result is a diagram which plays the same role as the McCabe- 
Thiele diagram in distillation. The optimal feed stage location, the minimum 
reflux, and the separation factor for given operating conditions are deter- 
mined analytically and graphically in the case of linear equilibrium isotherms. 
The method is then generalized to non-linear equilibria, particularly of con- 
stant relative volatility type. 

GEORGES GREVILLOT 
Laberatoire des Sciences du Ginie chimipue 

1, rue Grandville 
54042 Nancy Cedex-France 

ing apparatus are successively considered. Providing adequate variables are C.N.R.S.-E.N.S.I.C. 

SCOPE 
In two previous papers of this series, (Grevillot and 

Tondeur 1976, 19771, parametric pumps were studied in 
which the usual packed adsorbent bed is replaced by a 
cascade of discrete equilibrium stages, and the usual con- 
tinuous flow by discrete transfers of fluid fractions. The 
study dealt with the steady limit regime (or cyclic steady 
state) of these pumps at total reflux. Striking analogies 
with binary distillation theory are found, in particular with 
respect to graphical, McCabe-Thiele-like, constructions. 

Here, we extend this approach to open pumps at cyclic 
steady-state, that is pumps with feed introduction, and 
withdrawal of products. The study is restricted to single- 
transfer per halk-cycle, as was the first article of this series. 
We present the complete treatment in the case of linear 
kotherms, as this leads to analytical solutions for the sep- 
aration factor and the minimum reflux ratio. The treat- 
ment is next generalized to Langmuir-type isotherms and 
to experimental equilibrium data. 

CONCLUSIONS AND SIGNIFICANCE 
Open equilibrium, staged parametric pumps at cyclic 

steady state can be analyzed graphically, in a manner 
analogous to distillation columns, The following concepts 
must be employed: 

1. The fluid fractions of composition x’, undergoing 
transfer upward at temperature I”, play the same role 
as the ascending vapor phase in distillation. The fluid frac- 
tions of composition x, undergoing transfer downward at 
temperature T ,  play the same role as the descending liquid 
phase in distillation. Accordingly, a McCabe-Thiele-like 
diagram will plot x’ as a function of x. 

2. The linear operating lines relate the compositions 
that cross each other between stages. They are obtained 
by a component balance on the end of the enriching or 
of the stripping section, ouer a complete cycle. The curves 
relating the compositions x’ and x exiting from a given 
stage are not equilibrium curves as in distillation. They 
are obtained by component balances on a stage of the 

Part I of this piper was published in AZChE I., 22, 1055 (19761, 
and Part I1 appeared in AlChE I., 23, 840 (1977). 

0001-1541-80-2392-$01.45, 0 The American Institute of Chemical 
Engineers, 1980. 

enriching section, a stage of the stripping section, and 
the feed stage, ooer a half-cycle. There are thus three dif- 
ferent “partition curves,” each depending on the reflux 
ratio. 

Using these concepts, the classical McCabe-Thiele con- 
struction of binary distillation in transposed to parametric 
pumping: stepping off stages between operating and par- 
tition lines, optimal location of feed stage, determination 
of minimum reflux. 

For linear equilibrium isotherms, the partitions are also 
linear. The separation factor may be expressed explicitly 
as a function of the operating parameters and the number 
of stages N, and N ,  of each section in the form 

%to, - ( a d N %  + a3 SF=-- 
%bottom (h)N“h2 + b3 

The minimum reflux ratio is obtained as the solution of 
a 4th degree equation. 

For arbitrary, non-linear isotherms, (using experimental 
data for instance) the partition lines are curved, but can 
still be easily constructed, and the graphical properties 
still hold. The separation factor and minimum reflux must 
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be determined numerically or graphically, by trial and 
error. 

The significance of this approach is, at this stage, 
mainly conceptual and didactic, and lies precisely in its 
analogy with the theory of distillation. We believe that 
parametric pumping has remained so far mysterious to 

The first description of an open parametric pump, as 
well as the first experiments (Wilhelm et al. 1968), deal 
with a recuperative pump without reflux. Shortly after, 
Gregory and Sweed (1970) use the equilibrium theory 
developed by Pigford et al. (1969) to model two open 
systems with top feed, and top and bottom withdrawal. 
They define a critical reflux ratio, below which the bottom 
product cannot be perfectly pure. This ratio is analogous 
to the switching point of Chen and Hill ( 1971). 

These last authors also use the equilibrium theory to 
study four open systems, with top or bottom feed. Chen 
and Hill define the notion of penetration distance-that 
covered by a concentration front during one half-cycle)- 
and give a very attractive representation of the possibilities 
of a parametric pump: The diagram of penetration dis- 
tances, (warm half-cycle vs. cold half-cycle). In par- 
ticular, the role of column length is illustrated. 

All the above systems can be considered as enriching 
or stripping sections. Complete fractionating systems, 
involving both enriching and stripping sections, with feed 
in between, and product withdrawal at  both ends, have 
been studied by Horn and Lin (1969) and Gupta and 
Sweed ( 1973). Recently, Camero and Sweed (1976) use 
the non-linear equilibrium chromatography theory to ana- 
lyze batch and open para-pumps. Their approach allows 
prediction of the ideal behavior of a complete fractiona- 
tion column for binary mixtures. A detailed analysis of 
the literature concerning open para-pumps is made by 
Wankat (1974) and Rice ( 1976). 

The approach taken here, as compared to the literature 
just mentioned, is characterized by the discrete stages 
and discrete flow model, introduced in two previous 
publications (Grevillot and Tondeur 1976 and 1977), 
and by the direct analysis of the limit regime (or cyclic 
steady-state) , by McCabe-Thiele-type methods. 

Stage para-pumps have received little attention since 
Wakao et al. (1968) first introduced the concept. The 
only experiments have been published by Wankat (1973), 
together with an extensive numerical study. No work 
has been done on open-staged systems. 

DESCRIPTION OF THE OPEN STAGED PARAMETRIC 
PUMP (OSPP) 

Figure 1 shows the OSPP and its operating cycle. The 
operating cycle will be described in detail for each of 
the three sections: enriching, stripping, and feed stage. 
The system consists of a cascade of N cells, or stages, 
comprising N ,  enriching stages, N, stripping stages, and 
one feed stage, so that 

N = N ,  + N ,  + 1 (1) 
Each cell contains the same amount of a solid adsorbent 

or ion exchanger, with a total capacity per stage Q. The 
solution is contacted with the solid in the cell, and 
equilibration occurs at temperature T or T’. 

The equilibrium isotherms may be experimental data, 
or analytical expressions, either linear or non-linear. For 
the latter case, we use a simple mass-action form, which 
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most chemical engineers because it has usually been pre- 
sented, experimented, and modeled as a complex, trm- 
sient, batch chromatographic operation. Here, we ap- 
proach it deliberately as a steady-state, open, staged oper- 
ation, and thus provide the link with familiar unit opera- 
tions. 

cycle next cycle 
r -7 -  - I. 

T 4 T ’ t  T 

1 

z ! P [e 

z 
0 
I 

[r z w 

Feed stage 

fi 

0 
0 

u Bottom r u f  Product  u 
Figure 1. The open para-pump and its operating cycle. 

for binary ion-exchange, writes 

ax 

y =  l + ( f f - l ) x  

c r ’ i  y’ = 
1 + (ff’  - 1)x’ 

where (Y and .(Y’ are the equilibrium constants at T and T‘ 
respectively. In the following, we always assume that 

> a’. For trace exchange, these isotherms may be 
approximated by 

y = ffx (30) 

f = a ’ i  (3b)  
We shall first present a complete analysis in the case 

of the linear isotherms (3a )  and (3b) ,  as this leads to 
analytical solutions for the separation factor and the 
minimum reflux. We then generalize the treatment to 
isotherms described by ( 2 a )  and ( 2 b ) .  Finally, we show 
how arbitrary experimental data may be used. 

ENRICHING SECTION 

Operating Cycle 
One cycle of the operation (Figure 2) is defined as: 
1. Equilibration at T (start of cycle): The liquid 

fractions (each of volume V,) are in cells 1, . . ., N,. 
In each cell, the solid and the liquid are in equilibrium 
at temperature T .  The top reservoir contains a volume 
€eve. 
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2. Transfer down: A part ee (0 < ee < 1) of each liquid 
fraction Ve is transferred from a cell to the next cell 
down and the part 1 - Ee remains in the same cell. After 
this transfer down, each cell contains again a liquid volume 
V,, and the top reservoir is empty. 

3. Equilibration at T’: The temperature is switched 
to T‘ and reequilibration is allowed. 

4. Transfer up: Each liquid fraction is transferred one 
stage up. A part 1 - ce of the liquid contained in cell 1 
exits from the cascade as top product. After this transfer 
up, each cell contains a liquid volume Ve. This ends the 
cycle: the next cycle will start with a switch to T and 
reequilibration in each cell of the enriching section. 

Operating Line Equation 

We proceed to establish a relation between the com- 
positions that cross each other between stages, that is, 
between compositions x n P l  and xln flowing between stages 
n - 1 and n (see Figure 2 ) .  This relation is obtained 
by writing a material balance around the top of the 
enriching section, over a complete cycle, as materialized 
by the dotted envelope on Figure 2. In the cyclic steady 
state, this balance is 

CVex’n = CEeVeG-1 + C ( l  - €e)VexT 

d n  = Ee%-1 $. (1 - Ce)xT 

(n 2 1) (4) 

( 5 )  

with x0 = X T .  Dividing by CVe 

Equation ( 5 )  is the operating line equation of the 
enriching section, and shows that in the (x, x‘)  plane, 
the points ( x n - l ,  Yn) corresponding to any value of n 
are on a straight line of slope re. 

Partition Line Equation 

In distillation, the relation between the compositions 
leaving an equilibrium stage is simply the vapor-liquid 
equilibrium curve. Here, we need to establish this relation 
(between x’% and x n )  by a material balance around a 
stage over a half-cycle. For stage n, and the half-cycle 
at T’ 

QYn + C ( 1 - Ee) Vex, + CEeVeXn-1 = QY’n + CVedn 

(6) 

(7) 

Eliminating h - 1  by use of Equation ( 5 )  we obtain 

where 
yn + (1 - E e ) P e ( G  - XT) = y’n 

Expressing y n  and y’, in terms of x by Equation (3),  
we get finally 

a + (1 - Ce)Pe (1 - Ee)Pe  
x’% = Xn - xT (9) a‘ a!’ 

Equation (9) shows that in the plane (x, x’), all points 
( xn, x ’ ~ )  are on a straight line of slope (a! + (I - E e ) P e )  / 
a!’. We shall call this the partition line. It will play the 
same role as the vapor-liquid equilibrium curve in distilla- 
tion. However, here, the partition line depends on the 
reflux ratio as well as the operating line, as can be seen 
by rewriting Equations ( 5 )  and (9) 

where 

(12) 
Ce 

R T  = - 
1 - Ee 

is the top reflux ratio. The dependence of the partition 
line on the reflux ratio implies that the classical McCabe- 
Thiele treatment needs some modification. The partition 
line has to be constructed for each value of the reflux. 

McCobe-Thiele Representation 

In the (x, x ’ )  plane, the operating line represented by 
Equation ( 5 )  cuts the diagonal ( x  = x‘) for x = XT 

and the x’-axis for x’ = (1 - ce)nT (Figure 3 ) .  The 
partition line represented by Equation (9) cuts the 
vertical x = XT at x’ = ,a/&‘ XT. A staircase construction 
between these two straight lines then leads to the com- 
positions x and x’ of each stage in the following way. 
We start with a specified top product xT, represented by 
point a on Figure 3 ( a  is the intersection of the operating 
line and of the diagonal). 

cycle - 
T I  T ’ t  T 

( 1 L q V e  , X T  

--. ~ - - -____- -__- -  t ___-- 

Figure 2. The enriching section and its operating cycle. 

Figure 3. McCobe-Thiele representation for the enriching section. 
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(l-&sIXB LIQUD COMPOSITION DURING DOWNFLOW , x (l-&sIXB LIQUD COMPOSITION DURING DOWNFLOW , x 
Figure 4. McCabe-Thiele representation for the stripping section. 

We also know xfl, since fl = XT (see Figure 2 ) .  In 
distillation, this equality would correspond to a total 
condenser. The composition x1 in stage 1 in equilibrium 
at T is then obtained directly as the abscissa of point b 
of ordinate x’~,  lying on the partition line. The vertical 
line of abscissa xi cuts the operating line at point c of 
ordinate x’~, that is the composition in stage 2 at equi- 
librium at T’. Next the horizontal of ordinate dc cuts 
the partition line at point d, of abscissa xg, etc. Thlls, 
the liquid phase composition x and x’ of all stages may 
be determined. We do not need the solid phase composi- 
tion y, which may, if desh-ed, be calculated using the 
equilibrium relations, 

The coordinates of the point of intersection E of the 
operating and partition lines of the enriching section 
are given by 

(13) 

XE’ = 7 e x T  (14) 

(15) 

1 - ce 
XE = XT 

T e  - Ee 

with 
a + Pe 

a’ + Pe 
r)e = 

E lies on a straight line through the origin and of equation 
x’ = T ~ X .  We shall use these properties later on. 

Calculation of the Enriching Factor 

We define the enriching factor as the ratio of the 
top product concentration xT to the bottom product con- 
centration X N ~  of the enriching section. This ratio may be 
calculated by successive use of Equations (5 )  and (9) 
between successive stages. More directly, x ’ ~  may be 
eliminated between these two equations to obtain the 
first order finite difference equation 

~n = blXn-l + b ‘ l ~ T  
where 

(16) 

a ’ E e  
bl = b‘1= 

a + (1 - ee)Pe  

(a!’ + p e l  ( 1  - ee l  

a + (1 - e e ) P e  

(17) 
The solution of Equation (16) is 
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D1 - 1 
In addition, Equation (9) allows to express xi  as a func- 
tion of XT (recalling that x‘l = X T )  

X I =  (bl + b ’ l h  (19) 

which may be substituted into (18). After some rearrange- 
ment, Equation (18) may finally be written, with Ne 
enriching stages 

(20) xT - - a’ + (1 - eel (a’ + pel 

(a! - a’) b p  + ( 1 - e,) (a’ + pel 
-- 

XNe 

This equation is comparable to Smoker’s equation in 
distillation, which however applies to non-linear equilibria. 

STRIPPING SECTION 

Operating Cycle 

The cycle is a mirror image of that of the enriching 
section, as can be seen from Figure 1. 

1. Equilibration at T (start of cycle): The liquid 
fractions of volume V, are in cells 1, 2, . . , N,, in equi- 
librium with the solid at T .  

2. Transfer down, by one stage, of each liquid fraction: 
The effluent of cell N,, of volume ( 1  - eS)Vs, is the 
bottom product of the cascade. After this transfer, each 
cell contains again a volume V, of liquid. 

3. Equilibration at T’. 
4. Transfer up: A part cS (0 < e, < 1) of each liquid 

fraction is transferred one cell upward, the part 1 - es 
remaining in the same cell. After this, each cell contains 
again a liquid volume V,, except cell N,, which contains 
(1 - cs)V,. This ends the cycle. 

Operating Line and Partition Line 

We proceed in the same way as for the enriching sec- 
tion. A component balance around the bottom of the 
stripping section, and over a complete cycle yields 

1 - c, 
X’,+l = - x n  - - 1 

XB 
ES CS 

This linear relation shows that in the (x, x‘) plane, points 
(xn ,  x’,,+~) are on a straight line of slope We,, which is 
the operating line of the stripping section. 

The stripping section analogous of Equation (7)  is 
the following 

where 

Eliminating yn and y’. by use of Equation (3)  we obtain 

Y’n + (1  - e s ) ~ a ( x ’ n  - XB) = y n  ( 2 2 )  

ps = C V J Q  (23) 

This linear relation shows that points ( x n ,  x ’ ~ )  lie on 
a straight line of slope a/(*’ + (1 - e s ) p s ) ,  which we 
call the partition line of the stripping section. We also 
define the bottom reflux ratio RB as 

(25)  
e, RB = - 

1 - e, 

R B  and e, vary in the same direction. 

McCabe-Th:ele Representotian 

As before, Equations (21) and (24) allow a straight- 
forward representation of the operation of the stripping 
section (Figure 4) .  The operating line cuts the diagonal 
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for x = xB and the x-axis for x = (1  - ts)xg. The parti- 
tion line cuts the horizontal line x’ = XB for x = a’/a XB.  

A staircase construction between the two lines, starting 
from point ( x B ,  x B )  yields successively the liquid com- 
position x”,, x N ~ - ~ ,  X ‘ N , - ~ ,  etc. The coordinates of the 
point S of intersection of the operating and partition line 
(which we shall use later) are 

z‘s = qsxs 

a + Pa 

a’ + ps  

where 

% = 

Point S lies on a straight line through the origin and of 
slope ts. 

Calculation of the Stripping Factor 
Let us define the stripping factor, in a way similar 

to the enriching factor, as the ratio xB/x’1. Eliminating 
the x’ between Lquations (21) and (24),  we obtain the 
first order finite difference equation 

(29) 
1 

a1 
x, = - xn-1 - a’1xg 

where 

al = and a‘l = f fG (a’+ P S I  (1 - 4 
a’+ (1 - f d P s  ff fS  

(30) 

the solution of which is, for a1 z 1 

( l /a l )n- l  - 1 
l/a1- 1 

x,, = ( l / ~ ~ ) ~ ~ - I x ~  - U’lXB (31) 

x1 is expressed as a function of X ’ ~  using Equation (24).  
Equation (31) can be rearranged to make explicit the 
stripping factor 

P - ‘a’ - ( I  - f a )  (a + p s )  

(a - a ’ ) U p ”  - (1 - f S )  (a + ps) 
(a1 + 1) %B - 

X’l 
-- 

(32) 

Minimum Reflux for Zero Bottom Concentration 
When the number of stages N s  becomes infinite, the 

right hand side of Equation (32) behaves differently 
according as a1 is smaller or larger than 1. 
for al < 1 

ff - a’ (+) = 1 -  
(1 - E s )  (a + ps)  NI+ m 

(33) 

(34) 

for al > 1 

To obtain a zero bottom concentration, x B  = 0, al must 
be larger than 1. Graphically, this condition means that 
the slope of the operating line must be smaller than that 
of the partition line (this results from Equations 21, 24 
and 30) .  The equality of slopes, for al  = 1, leads to the 
minimum reflux ( C , ~ ) X ~ = ~  below which it is not possible 
to obtain XB = 0. This value is 

(35) 

cycle 

T 1 T ’  t 
1 yu-- 

f 

v e  L F S  

vS\FS Esk / x; 

I 
I 

Figure 5. The feed stage and its operating cycle. 

which corresponds to the reflux ratio 

’ (36) 
a’ + ps  

( R877I) ZB =o = 
a - a  

This is precisely the value found by Gregorv and Sweed 
( 1970) in their Equation (16) for their open pumps with 
top feed, in particular for the symmetric open system, 
which is analogous to the stripping section studied here.* 
Although, their approach is completely different, (they 
use a continuous model, solved by the method of charac- 
teristics) this identity is not surprising, When xs tends 
toward zero, both operating and partition lines tend 
to go through the origin. In addition, when the reflw 
is close to its minimum for x B  = 0 (Equation 36), the 
slopes of operating and partition lines become equal. 
Therefore, these lines tend to coincide, the number of 
stairs that can be drawn between them thus becomes 
infinite, and they are uniformly distributed along the 
two lines. 

Under these conditions, the staged model with an 
infinite number of stages becomes equivalent to the 
continuum model, but only under these conditions. This 
equivalence at minimum reflux is lost when the operating 
and partition lines do not tend to coincide, for instance 
when X B  # 0, or when the partition lines are curved. 

FEED STAGE 

Operating Cycle 
The feed of composition xF is introduced twice per 

cycle, that is, before each equilibration (Figure 5 ) .  One 
cycle of the operation is defined in accordance with that 
of the enriching and stripping sections: 

1. Equilibration at T (start of cycle): The feed stage 
contains a liquid fraction of volume V, and of composi- 
tion xFS, in equilibrium at T with the solid of composition 

2. T r a d e r  down and feed: The liquid fraction con- 
tained in the feed stage is transferred down to stage 1 

Y F S .  

* The notations are different. Gregory and Sweed’s equilibrium param- 
eters AC and Ah are respectively equal to a/p. and a ’ / p , .  
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stripping section. Instead of (40), one then obtains 

0 LWlD COMwsmoN DURlffi WWNFLW, X QZ 

Figure 6. McCabe-Thiele representation for the total open para-pump 
with linear equilibrium. 

of the stripping section, A part E ,  of the volume V ,  con- 
tained in enriching stage N e  is transferred to the feed 
stage. Then a volume (1 - e,)V, of feed of composition 
X F  is added into the feed stage and mised. The feed stage 
then contains a liquid volume Ve. 

3. Equilibration at T’: The new solid and liquid com- 
positions are Y’FS and X’FS respectively. 

4. Transfer up and feed: The liquid of the feed stage 
is transferred up to enriching stage N,. Volume cSVS 
is transferred from stripping stage 1 to the feed stage. 
Volume (1 - E S )  Vs of feed of composition X F  is added, 
to complete the liquid volume at the value V, .  This 
ends the cycle. 

Feed Stage Partition Line 
We look for a relation between compositions XFS and 

x’FS of the downflow and upflow effluents of the feed 
stage. A component balance around an equilibration at 
T’ is written 

Y F S  + ( 1 - E e )  PeXF + CePeXN, = Y’FS + f eX’FS (37) 
A component balance on the enriching section (excluding 
the feed stage) over a complete cycle yields 

X’FS = €eXNe + ( 1 - Ce)xT 

Y F S  - (1 - € e ) p e ( X T  - XF) = Y’FS 

(38) 

(39) 

Using (38),  xN, is eliminated from (37) to give 

Next, YFS and Y’FS are expressed in terms of x by the 
equilibrium relations (3) to give 

This is the equation of a straight line through the point 
(XFS, x ’ F s ) ,  and the slope of which is the thermal relative 
affinity, dn’. We shall call this the feed stage partition 
line. 

Notice that an equation identical to (40) could have 
been obtained by writing first a material balance around 
an equilibration at T, and then a material balance on the 
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The second terms on the right-hand side of (40) and 
(41) can be shown to be equal by a material balance 
on the complete pump and over a cycle (see later, Equa- 
tion 44). 

COMPLETE OPEN STAGED PARA-PUMP (OSPP) 

Properties of the McCabe-Thiele Representotion 
The McCabe-Thiele diagrams of the enriching and 

stripping sections, together with the feed stage partition 
line, leads to the diagram of the complete cascade. The 
construction is facilitated by the following additional 
properties, which can be easily verified by examining 
the corresponding equations. 

1. Feed-stage partition line: Let P and Q be the inter- 
sections of the feed stage partition line with the enriching 
and stripping sections partition lines respectively (Figure 
6). The abscissa of P is X F  and the ordinate of Q is XF 

as well. This allows the feed stage partition line to be 
drawn immediately, knowing X F  and the two other parti- 
tion lines. 

2.  &line, or internal feed distribution: The intersection 
I of the two operating lines and point F ( x F ,  X F )  lie on 
a straight line of slope -6, with 

This quantity is the ratio of the change in downflow rate 
to upflow rate across the feed stage. It measures how the 
feed distributes between the descending and ascending 
flows inside the cascade. The line of slope -8 is thus 
the analogous of the feed line, or q-line, in distillation. 
We shall call it the internal feed distribution line. 

3. <-line, or external feed distribution: The intersection 
J of the partition lines of the two sections, and point F 
lie on a straight line of slope -5, with 

(43) 
- (1 - c e ) P e  

(1 - % ) f S  

- (1 - ce)Ve 
(1 - Es)Vs 

c =  
This quantity is the ratio of the feed volume introduced 
during the downflow half-cycle to that introduced during 
the upflow half-cycle. It measures how the feed is dis- 
tributed externally between the two half-cycles. 5 = 1 
if the volumes injected at each half-cycle are equal. We 
designate by b-line or external feed distribution line the 
line of slope -5. Notice that if the feed composition X F  

and the products compositions xB and X T  are specified, 
< is also specified, as can be seen from a material balance 
over the entire cascade 

X F [ ( 1  - c s ) P s  + (1 - € e ) P e ]  

= (1 - Ee)peXT (1 - €s)psxB (44) 

Combining with Equation (43),  one obtains 

(45) 
XF - XB 

XF - XT 
-4 = 

This quantity can also be defined in distillation, but is 
not currently used. Notice finally that when V ,  = V,, 
we have 5 = 6 = (1 - ~ ) / ( 1  - E ~ ) ,  the S-line and the 
[-line coincide, and therefore points F, I and J lie on 
the same straight line. 
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Use of the McCabe-Thiefe Diagram 
Before the McCabe-Thiele diagram can be constructed 

using these properties, six independent variables must 
be specified or assumed.* Here, we shall specify XF, XT, 

xB, the slope of the &line, the top reflux c,, and p,. Clearly, 
other sets of independent variables are possible. With 
the present choice, the bottom reflux eS and p s  are not 
independent. Equations (42) and (43) lead to 

We then know all the variables necessary to construct 
the &line, the two operating lines and the three partition 
lines. 

Having drawn these different lines, the classical stair- 
case construction between partition lines and operating 
lines is started, from either XT or xB. We shall examine 
in more detail the construction in the vicinity of the 
feed stage (Figure 6). 

Point (XFS, x’FS) representing the feed stage Jies on 
the feed stage partition line P Q  (Equation 40). Point 
(xN,, X‘FS) representing the passing streams between 
feed stage and enriching section lies on the enriching 
operating line, Point ( xFs,  x’~) representing the passing 
streams between feed stage and stripping section lies 
on the stripping operating line. In other words, above 
point (xFS, x‘FS) the staircase is drawn between the 
operating and partition lines of the enriching section. 
Below this point, it is drawn between the stripping lines. 
There exists an optimal location of point (xFS, x ’ p s )  

which minimizes the number of stages. This will be 
examined in the next section. 

In general, this construction will not give an integer 
number of steps between the specified xu and xT. If we 
want an exact determination of the pump, the construc- 
tion must be resumed with new, adjusted value of one 
of the decision variables, usually the reflux ce.  Once the 
diagram is exact, cS can be measured on the diagram or 
calculated by (46) ; ps is given by (47). The production 
(1 - ce)Ve being specified, V, is calculated. Knowing pe 
and the total feed concentration C,  one can calculate the 
capacity Q of solid to be loaded into each stage. The 
pump is then entirely determined. 

Separation Factor 

The separation factor SF of the complete cascade is 
defined as the ratio X T / Q  of the top and bottom products 
concentrations of the cascade. To calculate it, an equa- 
tion similar to (38) is obtained from a component balance 
around the stripping section, over a complete cycle 

(48) 
where x‘l refers to stage 1 of the stripping section. Elim- 
inate x’1 by using Equation (32).  In the same way, 
eliminate XN= from Equation (38) by using Equation (20). 
The two new equations are used to eliminate x’FS and xFS 

from Equation (40).  The relation obtained contains only 
the concentrations xF, xT, XB. Concentration xF is next 

X F S  = ‘%d1 + (1 - €s)XB 

*This number is obtained by counting the number of variables and 
the number of equations ds is usually dune in distillatiun. If the equilib- 
rium coefficients a and a’ are specified, the difference between these 
numbers is eight. This is the number of degrees of freedom, or the 
number of variables, that must he specified to design and operate the 
system. But the hlcCabe-Thiele diagram is non-dimensional, in the 
sense that it does not depend on the actual size of the equipment. To 
draw it, we need not specify the flow-rate to be treated nor the total 
concentration C of the feed. Therefore, only six independent variables 
need be specified at this stage. 

I 
1 J 

OV X q2 
Figure 7. The McCabe-Thiele construction when feed stage i s  not at 

the optimum location. 

eliminated using Equation (44). After some rearrange- 
ment, the separation factor can be expressed as 

(49) 

where al and bl are given by Equations (30) and (17) 
respectively, and 

a2 = (50) 

(51) 

ucs((Y - a’) 
-(a’ + P S I  + %(a + P S I  

u’ee(a - a’) 
ct + pe - €,(a’ + P e )  

bz = 

+ a ]  + a  (52 )  
a + p s  

a3 = (1 - €s) - a2 - II u-a’ 

OPTIMAL FEED STAGE LOCATION 

Equation (49) shows that the separation factor de- 
pends separately on the number of stages N ,  and N e  
of each section, and not only on the total number of 
stages N = N ,  + N ,  + 1. 

For a given total number of stages N ,  there exists an 
optimal repartition of stages between the two sections, 
which makes the separation factor maximum. Alternately, 
for a given separation factor, there exists an optima1 
repartition of stages leading to a minimum total number 
AT. In other words, there exists an optimal feed stage 
location, as in distillation. It does not seem possible to 
determine this location analytically from Equation (49), 
but a trial and error search is always possible, A graphical 
solution also exists, presented below. 

Suppose the products concentrations XT and XB are 
specified as well as the operating variables such that all 
the lines of the diagram are known, as shown earlier, 
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We look for the staircase with minimum steps, starting 
say from xT. As the intersection of the two operating 
lines is approached, a decision must be made as to when 
the steps should switch from the enriching lines to the 
stripping lines, that is also when the feed stage step, 
utilizing the P Q  partition line, should be drawn. 

The change should be made so as to obtain the maxi- 
mum enrichment per stage with as small a number of 
stages as possible. Inspection of Figure 6 shows that this 
criterion is met if the switch is made in the vicinity of 
points I and 1. The enrichment per stage is related to 
the “height” of the steps. Figure 7 shows an example 
where five steps are drawn in the enriching section. These 
steps become smaller and smaller as they approach the 
intersection of the enriching section, and thus contribute 
less and less to the separation. A similar result would 
be obtained if the switch is made too early. 

M I N I M U M  REFLUX 

Definition 
As in distillation, the minimum reflux is that which, 

if decreased by an infinitesimal amount, will require an 
infinite number of stages to accomplish a specified sep- 
aration. Three things should be noted carefully. First, 
the separation must be specified; second, the number of 
stages must not be specified; third, it is necessary to 
specify that the feed be introduced in the optimal location. 

It is not as easy as in distillation to see the existence 
of the minimum reflux on the McCabe-Thiele diagram, 
because when the reflux is varied, the three partition lines 
(playing the role of the equilibrium curve in distillation) 
vary, as well as the operating lines. Therefore, we shall 
first present the algebraic determination using Equation 
(49) and then its graphic interpretation. 

Cofculotion of Minimum Reflux for Finite Separation 
For CY > a’, the coefficients of Equation (49)  have 

the following properties 0 < bl < 1; b2 > 0; b3 > 0. 
This implies that the denominator of (49) decreases 
when N ,  increases, and tends toward b3 when N ,  be- 
comes infinite. Concerning the numerator, there are two 
cases, depending whether al is smaller or larger than 1. 
(The latter will be considered further later.) We consider 
here the case al < 1, for which we saw in Equation (33) 
that a zero bottom concentration (xB = 0 )  cannot be 
obtained. It can be shown that, for a: > a:’, al < 1 
implies that a2 < 0, which in turn implies a3 > 0. The 
numerator in Equation (49) increases with N ,  and tends 
toward a3 when N ,  becomes infinite. Therefore, when 
both N ,  and A’, become infinite, the separation factor 
tends toward the limit 

lim SF = a3/b3 ( 5 5 )  
N e +  01 

N s +  01 

Designating by SF,, the specified separation factor, the 
problem at hand imposes that 

and the equality 

corresponds to the minimum reflux. The ratio a3/b3 can 
be expressed in terms of the top reflux E~ (or RT) only, 
using Equations ( 5 2 ) ,  (53), (46) and (47). The equality 
(57) then becomes a fourth degree equation in E,, the 
adequate solution of which (0 < ce < 1) is the minimum 
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a3/b3 S F ,  ( 5 6 )  

a3/b3 = SF, 157) 

top reflux cem, corresponding to the specified separation 
SF,,. The fourth degree equation is given in detail in 
the appendix (Equation A l ) .  The minimum reflux ratio 
R T ~  is given by Equation ( 12)  as €em/  ( 1 - € e m ) .  

McCabe-Thiele Interpretation 
Figure 8 illustrates the three situations, depending 

whether the reflux ratio R = c / l  - E is larger than, smaller 
than, or equal to the minimum value Rm.  Figure 8c 
shows the situation where R < R, and the staircase is 
drawn starting from xT, with an infinite number of stages 
in the enriching section, and approaches point E .  But 
even from point E,  it is impossible to draw a step, with 
the corner on the feed partition line which allows the 
switch to the stripping section, that is, to point S or to 
the left of it. Equivalently, we might say that the step 
going from E to S has its corner ( x s ,  x’E) above the feed 
partition line. 

Figure 8a shows the special case where the step from 
E to S has its comer on the feed partition line. Such a 
construction implies an infinite number of stages in both 
enriching and stripping section, and corresponds pre- 
cisely to the minimum reflux. Analytically, this situation 
is expressed by letting, in Equation (40) X’FS = X’E and 
XFS = XS, that is 

If in this equation, x ’ ~  is eliminated by use of Equation 
( 1 4 ) ,  xs by use of Equation (26) ,  and E, and p ,  using 
Equations (46) and (47),  we obtain precisely the fourth 
degree Equation ( A l )  of the appendix. The equalities 
(57) and (58) are thus equivalent. 

If the reflux is larger than the minimum, the corner 
point (XS, x’E) lies below the feed stage partition line 
(Figure 8b).  The switch of the staircase from one section 
to the other is possible without reaching neither E in 
the enriching section, nor S in the stripping section, that 
is, with a finite number of stages in each section. 

The critical position of the comer point (XS, x ’ ~ )  here 
is to be compared to the critical position of the intersection 
of the operating lines, with respect to the equilibrium 
curve, in distillation. 

Minimum Reflux for Infinite Seporotion ( X B  = 0 )  
In the case not considered above where al > 1, the 

numerator of the separation factor (Equation 49) increases 
indefinitely with N , .  The separation factor may become 
arbitrarily large. This is due to x B  decreasing toward 
zero, as Equation (34) shows. The minimum reflux for 
S F  to become infinite corresponds to al = 1. It is simply 
given, in terms of the bottom reflux, as a function of ps, 
by Equation (35) .  It may also be expressed in terms 
of top reflux as a function of pe (see appendix, Equation 
A3) .  The proper solution of Equation (A3) is the same 
as that of Equation ( A l ) ,  when we let S F ,  3 CQ. In 
other words, Equation ( A l )  always gives the minimum 
reflux, whatever the value of SF,,, finite or infinite. 

TOTAL REFLUX 

we have 

Equations (5) and (21)  show that the two Operating 
lines coincide with the diagonal. Equations (9 ) ,  (24), 
and (40) show that the three partitions lines coalesce into 
a single line going through the origin, of slope equal to 
the relative thermal affinity a/a:’ 

At total reflux, there is no feed, no withdrawal, and 

ce = 1; CQ = 1 (59) 
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d=-X 
U‘ 

The McCabe-Thiele construction then consists simply in 
stepping off stages between this line and the diagonal. The 
total number of stages N necessary to obtain a specified 
separation factor SF is minimal. These two quantities 
are related by 

N 
SFTotal reflux = (5) (61) 

REFLUX A N D  NUMBER OF STAGES 
TO obtain a specified separation, one will operate be- 

tween total reflus, necessitating a minimal number of 
stages, and minimum reflux, necessitating an infinite 
number of stages. Figure 9, calculated using Equation 
(49) and an optimal feed stage location, illustrates the 
dependence of the number of stages on reflux, for differ- 
ent separations. As in distillation, the optimum reflux 
would result from an economic balance between the 
equipment costs, mainly a function of the number of 
stages, and the operating costs, mainly a function of the 
reflux. 

COMPLETE OSPP-MASS-ACTION L A W  EQUILIBRIA 

In this section, we transpose the treatment presented 
so far to the case of non-linear liquid-solid equilibria in 
the cells. We assume that these equilibria are described by 
a simple mass-action law, represented by Equations (2a)  
and (2b),  at temperatures 1’ and 7“ respectively. 

Operating and Partition Lines 
The operating lines of the enriching and stripping sec- 

tions are unchanged (Equations 5 and 21). ‘lo obtain 
the enriching partition line, we take Equation (7)  and 
eliminate yn and y’. using the equilibrium relations ( 2 a )  
and ( 2 b ) .  We obtain the following relation between x ’ ~  
and x,, 

Figure 8. T h e  minimum reflux. 

McCabe-Thiele Representation 
The McCabe-Thiele diagram with mass-action iso- 

therms differs from that of linear isotherms in that the 
three partition lines are curved instead of straight, and 
must be constructed point by point by using Equations 
(62),  (63) ,  and (64) .  All other geometric properties 
of the linear diagram are conserved, in particular at 
minimum reflux, and the slope of the 8-line is still given 
by Equation (42).  Figure 10 shows the detail of the 
diagram around the feed stage at mininium reflux, with 
non-linear isotherms. 

Total Reflux 
At total reflux, that is for ce = cs = 1, the two operat- 

= f ( ~ n ,  a, a’, XT. ce, p c )  

This equation replaces Equation (9)  of the linear case, 
and describes a curve in the (x, x’) plane which relates 
the compositions xn  and x’,, leaving stage n during a 
cycle. It is the enriching section partition crirue, which 
plays the same role as the equilibrium curve in distilla- 
tion, from the point of view of the McCabe-Thiele con- 
struction, but depends on the reflux. 

A similar calculation leads to the stripping section 
partition cwue 

which has the same form as Equation (62) and is ob- 
tained from the latter by changing x ’ ~  to XI,,, (Y to CY’ and 
reciprocally, XT to XB, ee to eS and pe  to p s .  This equation 
replaces Equation (24) of the linear case. For the feed 
stage, eliminating YFS and Y’FS in Equation (39) by use 
of the equilibrium relations (2a )  and ( 2 b ) ,  we get 

xn = f(x’n, a’, a, X B ,  cs, p s )  (63) 

ing lines coincide with the diagonal. The three partition 
lines coincide and their Equations ( 6 2 ) ,  (63) and (64) 
become simply 

( d a ’ )  x 
1 + (a/a’ - 1 ) x  

x’ = - 
This relation replaces Equation (60) of the linear case, 
and has the same form as the isotherm Equation ( 2 ) ,  
with a coefficient equal to the theimal relative affinity da’. 
The equivalent of Equation ( e l ) ,  that is the relation 
between the separation and the number of stages which 
is minimum, is the following 

which is similar to Fenske’s equation in distillation, as 

This replaces Equation (40) of the linear case. established by Grevillot and Tondeur (1976). In that 
reference, it was also shown that the minimal number 
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Figure 9. Effect of reflux on number of stages for specified separa- 
tions, with feed a t  the optimum location. 

I I I 

Figure 10. Detail of the McCabe-Thiele diagram a t  minimum reflux 
(non-linear isotherms). 

of stages could also be determined by stepping off stages 
between the two isotherms. 

At total reflux, the pump studied in this work becomes 
thus identical to that studied in Part I of this series. 
The reader is referred to it for more details, for instance, 
concerning the analogy between parametric pumping 
and distillation. 

COMPLETE OSPP WITH EXPERIMENTAL EQUILIBRIUM 
DATA 

If we have no analytical expression for the equilibrium 
data, there will obviously be no analytical expression for 
the partition lines. These lines can nevertheless be easily 
constructed point by point, if reasonable interpolation 
between data points is possible. For example, for the 
enriching section, assuming in Equation ( 7 )  a value for 
xn, the corresponding yn is taken from the interpolated 
equilibrium data at T .  The left-hand side of Equation 
( 7 )  is then calculated and yields y’.. The equilibrium 
data at T’ then furnish the value x’,, corresponding to 
yfn. We have thus constructed the point (xn, x‘,). The 

partition line of the stripping section and of the feed 
stage are obtained similarly by using Equations (22) 
and (39) respectively. Clearly, these constructions must 
be repeated for each value of the reflux. The other ele- 
ments of the McCabe-Thiele diagram do not depend on 
the equilibrium data and are thus constructed as before. 

This method of constructing the partition lines applies 
equally to the case where the experimental isotherms are 
represented by implicit functions of x and y. This will 
be the case in the numerical example presented next. 

NUMERICAL EXAMPLE 

Here, we illustrate the method and give orders of 
magnitude based on experimental equilibrium data, for 
a system of practical interest-the separation of copper 
and silver. Its purpose is not to show that staged para- 
pumps are superior to packed bed para-pumps. 

We propose to treat a solution of silver and copper 
nitrate at a total concentration 0.5 N. The objective is 
silver recovery, and we desire a concentrated product 
containing essentially all the silver, the copper distribution 
being secondary. The specifications are gathered in Table 
1. The values of x and y are relative to silver, The 
thermally sensitive adsorbent is a strong cation exchange 
resin, of the sulfonated polystyrene type. The stage ca- 
pacity ratios pe and ps are chosen as 0.15 in both sections; 
this implies V, = V,. With a total exchange capacity of 
2 equivalentdl of resin bed, a void fraction of 0.4, and 
a total solution concentration of 0.5N, the value p = 0.15 
corresponds to a volume of solution per stage, V,, equal 
to 150% of the void volume of packed resin. This allows 
a proper wetting of the solid. The calculations are made 
on the basis of a feed of one liter of solution per cycle. 

Figure 11 shows the experimental exchange isotherms 
at the two working temperatures, 20°C and 60°C. They 
have been measured by classical batch equilibration tests. 
These isotherms are well represented by the following 
expression 

where b = 1.43 (independent of temperature) and 
~ ( 2 0 ” )  = 6.72; ~ ( 6 0 ’ )  = 4.76. The curves obtained 
with these values are shown as discontinuous lines on 

TABLE 1. NIJhfERICAL EXAMPLE 

Specifications: 

Feed: Cations: A g f ,  Cu+ f; anion: Nos- 
Total concentration, C = 0.5 N 
Flow rate: one L/cycle 
Composition: X F , A ~  = 0.5 

Products: X T , A ~  = 0.9 

Stages capacity ratios pe = ps = 0.15 (V, = V, = 0.3 Q) 
X B , A ~  = 0.01 

Choice of reflux: 

Minimum reflux: R T ~  ‘v 6.52 ( cem N 0.867) 
Minimum number of stages: 23 
Reflux chosen: RT = 9 ( ee = 0.9) 

Calculated results: 

Bottom reflux: RB = 11.2 (es  = 0.918) 
Number of stages: 39 
Feed stage: 17th 
Volume of solution/stage: V, = Vs = 5.51 
Resin capacity/stage: 18.3 equivalents (about 9 L) 
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EQUNALENT IONIC FRACTION OF A t  IN SOLUTION, X 

Figure 11. Equilibrium data for the exchange of Ag+ and C u + +  on 
Duolite C 265 (Anion: NOS-; C = O.5N). 

DOWNFLOW COMPOSITIONS, X 

Figure 12. MacCabe-Thiele representation far the open para-pump 
of the numerical example (top reflux ratio RT = 9). 

Figure 11. Equation (67) is used to calculate the present 
example. Since Equation (67) is an implicit expression 
in x and y, the partition lines must be constructed point 
by point, as described in the previous section. 

We have seen that six variables needed to be specified 
to construct the McCabe-Thiele diagram (which is in- 
dependent of the “dimensional” variables, total concen- 
tration C, and feed flow-rate). Five of the six variables 
needed are already specified: XI.’, X,, XT, Pel , p s .  AS the 
sixth, we choose the reflux in the enriching section, E ~ .  

We can choose it arbitrarily, providing it is above the 
minimum reflux. Let us thus calculate the latter. This 
is done by the following trial and error: 

0 Pick a value of E,. 

0 Calculate the corresponding E ,  from Equation (46) ,  
in which 6 = 6 (since V, = Vs), and 5 is given by 
Equation (45). 

0 Calculate the ordinate x ’ ~  of the intersection point 
of the partition curve and the operating line of the 
enriching section. 
Calculate XFS corresponding to x l F S  = x‘E, using the 
feed stage partition curve. 
Calculate the abscissa xs of the intersection S for the 
stripping section. 
Compare XFS and xs. If x F s  < xs, the stepping off from 
the enriching to the stripping section is possible, and 
the reflux chosen is above the minimum; if xFS > XS, 

ce is below the minimum. A new value of ce is picked 
until xFS = xs.  

These calculations are somewhat tedious and are best 
done by computer. In the present example, we find 
eem = 0.867 or RT,,~ = 6.52. The minimum number of 
stages (total reflux) is obtained by drawing steps between 
the two isotherms, from XT to xg. We find Nlnin = 23. 
To proceed, we must now decide on a value of the reflux, 
knowing that the number of stages increases when reflux 
decreases. Since we do not know the optimum, we shall 
take about 1.4 times the minimum reflux ratio, which 

is current practice in disti!lation. Thus RT = 9 (ce = 
0.9). 

The corresponding value of E, is obtained as indicated 
above, as E $  = 0.918 ( R ,  = 11.2). The complete McCabe- 
Thiele diagram may now be drawn (Figure 12). In this 
exampIe, the feed partition line practically coincides with 
the two other partition lines, A total of 39 equilibrium 
stages are found necessary, with the feed at the 17th 
stage from the top. The size of each stage is calculated 
using the specified feed flowrate per cycle: Ve (=V, ) .  
This is obtained by writing that the total volume of 
products per cycle equals one liter, thus 

= 5.5L 1 
2 - c, - E S  

ve = v, = 

The resin capacity per stage Q is then obtained using 
Equation ( 8 ) ,  as Q = 18.3 equivalents. The cascade is 
now entirely determined. 

The present analysis of open staged para-pumps is 
restricted to a single transfer of liquid fractions in each 
half-cycle. The relative penetration in the cascade is 
thus 1/N, dependent on the number of stages. Further 
developments will have to envisage several transfers per 
half-cycle, as was already done at total reflux (Part I1 
of this series). As in the paper mentioned, two operating 
modes have to be considered, conserving or not the con- 
centration gradient in the top or bottom effluent. 

The analogy with staged distillation developed here 
suggests that for packed bed para-pumps, an approach 
based on the transfer unit concept might be valuable, 
just as for packed bed distillation. However, there is as 
yet no method other than numerical fitting, for evaluating 
the HETP or the NTU in a parametric pumping system 
(see for instance, Nelson et al. 1978). 
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NOTATION 

C = total ionic concentration of the liquid (equiv- 
alents/l) 

N,, N,, N = number of stages in enriching section, strip- 
ping section and total pump, respectively 

Q = total exchange capacity of the solid contained in 
a cell (equivalents) 

R,, R T  = bottom and top reflux ratios, defined by Equa- 
tions ( 2 5 )  and ( 12) respectively (dimensionless) 

SF = separation factor (dimensionless) 
T, T’ = temperatures 
Ve, V, = volume of a liquid fraction, in enriching section 

x, y = equivalent fraction of preferred ion in liquid and 

x,, XT = values of x for bottom and top products, respec- 

and stripping section, respectively (1) 

solid, respectively (dimensionless) 

tively 
value of x in feed 
equilibrium coefficients at T and T’ (dimension- 
less) 
slope of feed line, defined by Equation (42) 
(dimensionless) 
fraction of liquid fraction ‘i.efluxed” in enriching 
section and stripping section, respectively (d’ imen- 
sionless ) 
slope of feed distribution line, defined by Equa- 
tion (43) (dimensionless) 
stage capacity ratio in enriching and stripping 
section, respectively (dimensionless) 

Subscripts 
FS = relates to feed stage 
m = relates to minimum reflux 

Superscripts 
prime = relates to T’ temperature 

APPENDIX: CALCULATION OF MINIMUM REFLUX 
IN CASE OF LINEAR ISOTHERMS 

FINITE SEPARATION FACTOR (XB # 0 )  

We choose here to specify pe and to consider the top reflux 
ce as the unknown, Equivalent relations would be obtained with 
ps specified and e, the unknown for instance. 

Substituting the expressions for cs and ps given by Equations 
(46)  and ( 4 7 )  into a3 and b3 (Equations 52 and 53), and 
writing that the ratio aJba equals the specified separation fac- 
tor (Equation 57), we obtain the following fourth degree equa- 
tion with ce as unknown 

€e4jZj5 -k ee3 ( j 4 j 5  + jz( a - j7  ) + ,e2 [j3j5 - j4i.i. 

+ j A j 6  - q e  a) + a i d  + ee[j4is - i3i7 + 4 i o  
- v e i l ) ]  +i3j6--qeajo=O ( A l l  

with 

jo = a’< + pe 6 + s S ( ~ ’  + P e l  
j+ = ( 3  - 6 )  ( a ’ ~  + P e )  - ( P  + 1) (a’[ + p e 6 )  

The suitable solution eem must be comprised between 0 and 1 
and this facilitates the numerical search. In the numerous ex- 
amples calculated, there was always a unique solution in the 
suitable interval, but we have not established the generality 
of this property. 

INFINITE SEPARATION FACTOR ( X B  = 0 )  

As above, specify pe and calculate e,. Substituting the ex- 
pressions for es and ps given by Equations (46) and (47)  into 
Equation (35) ,  one obtains 

te2 hl + ee h2 + ha = 0 (A31 
with 

hl = pe ( 3  - 6) (1 + 6) 
h2 = (1 + 6)  [S[a(S + 1)  - a’(( - 511 

h.3= - ( s +  1)6  [ a ’ ~ ( 1 + 6 )  + p e 6 ( < +  111 

+ ( 6 5  - 1) Ca<(l+ 6 )  + p e & ( {  + 111 

- p e [ J ( 1 - 6 ) - 2 6 1 1  (A41 

In terms of es, with ps specified, Equation (35)  is 

Q’ + Pa 

Q + PI cr = - 
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